We study the steady streaming between two infinitely long circular cylinders produced by smallamplitude transverse vibrations of the inner cylinder about the axis of the outer cylinder. The Vishik-Lyusternik method is employed to construct an asymptotic expansion of the solution of the Navier-Stokes equations in the limit of high-frequency vibrations for Reynolds numbers of order of unity. The effect of the Stokes drift of fluid particles is also studied. It is shown that it is nonzero not only within the boundary layers but also in higher order terms of the expansion of the averaged outer flow.
Introduction
In this paper, we study two-dimensional oscillating flows of a viscous incompressible fluid between two infinitely long circular cylinders. The outer cylinder is fixed, and the inner cylinder performs small-amplitude harmonic oscillations about the axis of the outer cylinder. It is well-known that high-frequency oscillations of the boundary of a domain occupied by a viscous fluid not only produce an oscillating flow, but can also lead to appearance of a steady flow, which is usually called the steady streaming (see, e.g., [1] ). Here we are interested in this steady part of the flow. The basic parameters in our study are the inverse Strouhal number α and the dimensionless viscosity ν (the inverse Reynolds number), defined as
where V * 0 is the amplitude of the velocity of the oscillating cylinder, a is its radius, ω is the angular frequency of the oscillations, and ν * is the kinematic viscosity of the fluid. Parameter α measures the ratio of the amplitude of the displacement of the oscillating cylinder to its radius and is assumed to be small: α ≪ 1. One more dimensionless parameter which is widely used in literature is the 'streaming Reynolds number' Re s = V * 2 0 /ων * = α/ν, which plays the role of the Reynolds number for the steady part of the flow. Note that for small α, Re s = O(1) corresponds to ν = O(α), i.e. to high Reynolds numbers (Re = 1/ν ≫ 1).
1
The steady streaming produced by an oscillating cylinder both in an unbounded fluid and in a cylindrical container had been studied by many researchers. A review of early works can be found in [2] . Regular perturbation analysis had been used to study both an oscillating cylinder in an unbounded fluid and the case of the flow between two cylinders in [3, 4] for the flow regimes with ν ≫ 1 (Re ≪ 1). In [5] , the method of matched asymptotic expansions had been used to construct an asymptotic solution for an oscillating cylinder in an unbounded fluid for ν = O(1) (Re = O(1)). In [6] , the theoretical results of [3, 4, 5] had been reconsidered, corrected with the Stokes drift, and compared with the experimental observations, which demonstrated a good agreement between the theoretical and experimental results. For high Reynolds numbers such that Re s = O(1) or Re s ≫ 1, the steady streaming induced by an oscillating cylinder in an unbounded fluid had been studied in [7, 8, 9, 2, 10] . For Re s = O(1), the steady flow outside the Stokes layer is governed by the steady Navier-Stokes equations, and it had been shown that for Re s ≫ 1 there is a double boundary layer near the oscillating cylinder and that the steady streaming takes the form of a jet-like flow along the axis of oscillations. In [11, 12] , the steady flow between two coaxial cylinders produced by small-amplitude transverse oscillations of the inner cylinder had been studied in the case of Re s = O(1) (and Re s ≫ 1). The results of [12] are a good agreement with the experimental results of [13] . In [11, 12] , the case of small Re s corresponding to ν = O(1) had also been briefly discussed.
The aim of this paper is to investigate steady streaming between two circular cylinders in the case of ν = O(1). As was mentioned above, this problem had been treated before in [12] , where an asymptotic solution of the Navier-Stokes equations had been constructed using the method of matched asymptotic expansions. Formulae given in [12] can be used to write down a (composite) uniformly valid expansion for the averaged stream function. For an oscillating cylinder in an unbounded fluid, this had been explicitly done in [5] . However, the asymptotic solutions for both a single cylinder (presented in [5] ) and for two cylinders (presented in [12] ) are incomplete because of the absence of the O(α 3/2 ) term associated with the averaged outer flow in the expansion of the averaged stream function (this will be discussed in more detail in Section 5). In the present paper, we construct a uniformly valid expansion of the averaged stream function in powers of α 1/2 up to terms of order O(α 3/2 ).
An interesting question which had not been discussed in [5, 12] is the relation of the expansions obtained there to the original problem of a steady steaming produced by an oscillating cylinder as it is seen by an observer fixed in space. In [5] , the problem of a steady streaming produced by a cylinder which is placed in an oscillating flow had been considered. However, the steady component of the Eulerian velocity depends on the reference frame that is used to describe the flow. To clarify this point is one of the aims of this study.
A similar problem arises in relation to the results of [12] , where a conformal mapping that maps the gap between two eccentric cylinders onto the annulus between two cylinders with a common axis was employed. The subsequent analysis had been done using the transformed coordinates that depend on time, and the latter leads to a question whether a transformation back to the physical coordinates will change the steady component of the flow. The results of the present study give an answer to this question.
Another question which is related to the previous two is the effect of the Stokes drift, which is understood here as a difference between the averaged Eulerian velocity field and the averaged Lagrangian velocity (the velocity of fluid particles). The importance of Stokes drift is evident: (i) it is the Lagrangian velocity (rather than the Eulerian velocity) that is observed in experiments; (ii) it is the Lagrangian velocity that is invariant under the change of the frame of reference from the one fixed in the oscillating cylinder to the one fixed in space (and vice versa). The Stokes drift in various oscillating flows had been studied before by many authors (see, e.g., [14, 15, 4, 6] ). However, there is still no clarity about when one can expect a nonzero effect of the Stokes drift in a flow produced by an oscillating cylinder. One of the aims of the present paper is to resolve this ambiguity.
To construct the asymptotic expansion of the solution of the Navier-Stokes equations for small α, we employ the Vishik-Lyusternik method 1 (see, e.g., [16, 17] ) rather than the method of matched asymptotic expansions which is routinely used in fluid mechanics. In most cases that we know, at least first two terms in the uniformly valid asymptotic expansions produced by these two methods are the same. This does not mean that, given an expansion obtained by one of the two methods, it is easy to derive the same expansion using the other one. For example, although the asymptotic expansion constructed here using the Vishik-Lyusternik method can be obtained by the method of matched asymptotic expansions, this is not a straightforward procedure (it requires a certain transformation of the velocity field before the asymptotic procedure is started). In comparison with the method of matched asymptotic expansions, the Vishik-Lyusternik method involves more algebra in computing higher order terms, but it has two essential advantages: (i) it does not require the procedure of matching the inner and outer expansions and (ii) the boundary layer part of the expansion satisfies the condition of decay at infinity (in boundary layer variable) in all orders of the expansion, which is not the case in the method of matched asymptotic expansions where the boundary layer part usually does not decay and may even grow at infinity. The Vishik-Lyusternik method had been used to study viscous boundary layers at a fixed impermeable boundary by Chudov [18] . Recently, it has been applied to viscous boundary layers in high Reynolds number flows through a fixed domain with an inlet and an outlet [19] and to viscous flows in a half-plane produced by tangential vibrations on its boundary [20] .
In the present paper we compute first two nonzero terms in the asymptotic expansion of the steady velocity produced by an oscillating inner cylinder and the corresponding expansion for the stream function. The steady Eulerian velocity field is then corrected with the Stokes drift. The results for an oscillating cylinder in an unbounded fluid are obtained by passing to the limit R → ∞ (where R is the ratio of the radius of the outer cylinder to the radius of the inner cylinder).
The outline of the paper is as follows. In Section 2, we formulate the mathematical problem. In Section 3, we describe the method of constructing the asymptotic expansion and derive the equations and boundary conditions that are to be solved. These equations are solved and then corrected with the Stokes drift in Section 4. Section 5 contains the discussion of the results.
Formulation of the problem
We consider a two-dimensional flow of a viscous incompressible fluid between two circular cylinders with radii a and b (b > a) produced by small translational vibrations of an inner cylinder about the axis of the outer cylinder which is fixed in space. Let x * = (x * , y * ) be Cartesian coordinates on the plane and let x * 0 = (x * 0 (t * ), 0) be the position of the centre of the inner cylinder at time t * . We assume that x * 0 (t * ) is oscillating in t * with angular frequency ω and period T = 2π/ω. Using 1/ω, a, V * 0 and ρaωV * 0 as the characteristic scales for time, length, velocity and pressure (ρ is the fluid density), we introduce the dimensionless variables τ = ω t
. The motion of the fluid is governed by the two-dimensional Navier-Stokes equations
Here ǫ = √ α , α and ν are the inverse Strouhal number and the inverse Reynolds number (the dimensionless viscosity), defined by (1.1). The velocity of the fluid satisfies the standard no-slip condition on the surfaces of the cylinders
Here dots denote differentiation with respect to τ and x 0 (τ ) is a given function which prescribes the motion of the inner cylinder. In what follows we are interested in the asymptotic behaviour of periodic solution of Eqs. (2.1), (2.2) in the high-frequency limit ǫ → 0. We assume that the amplitude of the oscillations of the cylinder is O(ǫ 2 ), i.e. x 0 (τ ) = ǫ 2 f (τ ) for some 2π-periodic function f and f = O (1) . In what follows, we will consider f (τ ) given by
where C is a complex constant having unit modulus (|C| = 1).
Boundary conditions (2.2) take the form
The time-dependent boundary of the inner cylinder can be described in the parametric form by the equations
whereθ ∈ [0, 2π) is the parameter on the cylinder boundary. Now the boundary condition on the inner cylinder can be written as
Using the assumption that ǫ is small, we expand u and v in Taylor's series at point (x, y) = (cosθ, sinθ). This yields
Note that each term on the left side of Eq. (2.7) is evaluated at the averaged position of the inner cylinder (where the axes of both cylinders coincide).
In polar coordinates (r, θ) with origin at the axis of the outer cylinder, Eqs. (2.1) take the form
8)
9)
where u and v are the radial and azimuthal components of the velocity, subscripts 'τ ', 'r' and 'θ' denote partial derivatives, and where
The boundary conditions at the outer cylinder are u
where R = b/a. The boundary condition (2.7) at the inner cylinder takes the form
Here L = cos θ ∂ r − (sin θ/r) ∂ θ .
Asymptotic expansion
We seek a solution of (2.8)-(2.13) in the form
Here ξ = (r − 1)/ǫ and η = (R − r)/ǫ are the boundary layer variables. Functions u i , v i , p i represent a regular expansion of the solution in power series in ǫ (an outer solution), and u a , v a , p a and u b , v b , p b correspond to boundary layer corrections to this regular expansion. Superscripts 'a' and 'b' correspond to the boundary layers at the inner and outer cylinders respectively. We assume that the boundary layer part of the expansion rapidly decays outside thin boundary layers, i.e. u a , v a , p a → 0 as ξ → ∞ and u b , v b , p b → 0 as η → ∞.
Regular part of the expansion
To derive the equations governing the regular part of the expansion, it is convenient to work with the Cartesian form (2.1) of the Euler equations. Later we can rewrite the results in polar coordinates. Let 
for k = 0, 1 and
In what follows, we will use the following notation: for any 2π-periodic function F (τ ),
i.e.F is the mean value of F (τ ) and, by definition,F (τ ) = F (τ ) −F is the oscillating part of F (τ ).
Leading-order terms. Consider first Eqs. 
The boundary conditions for φ 0r at r = 1 and r = R will be justified later.
On averaging the equations for v i 2 and the second of equations (3.5), we obtain
Sinceṽ i 0 is irrotational, we can rewrite (3.8) as
where Π 0 =p i 2 +|∇φ 0 | 2 /2. Equations (3.9) represent the time-independent Navier-Stokes equations that describe steady flows of a viscous incompressible fluid. Boundary conditions forv i 0 will be specified later.
First-order terms. The solution of Eqs. (3.5) for k = 1 has the form v i 1 =v i 1 +ṽ 1 whereṽ i 1 = ∇φ 1 and φ 1 has zero mean value and is the solution of the boundary value problem
Functions a 1 (θ, τ ) and b 1 (θ, τ ) will be defined later. Manipulations similar to those employed in derivation of Eqs. (3.9) lead to the following equations forv i 1 :
where Π 1 =p i 3 + (∇φ 0 · ∇φ 1 ). Boundary conditions forv i 1 will be specified later.
Second-order terms. It will be proved later that
Using these and the fact that bothṽ i 0 andṽ i 1 are irrotational, it can be shown that
where
. It follows thatṽ i 2 is irrotational, i.e.ṽ i 2 = ∇φ 2 , and φ 2 is the solution of the boundary value problem
where functions a 2 (θ, τ ) and b 2 (θ, τ ) will be defined later.
The equations forv i 2 can be written in the form
and where we have used the assumptions (3.12). Thus, the second order averaged velocity is described by the Stokes equations. Again, boundary conditions forv i 2 will be specified later.
Third-order terms. Separating the oscillating part of the equation for v i 3 and employing (3.12) and the fact thatṽ i 0 andṽ i 1 are irrotational, we find that
where Q 3 =p i 3 + ∇φ 0 · ∇φ 1 − ∇φ 0 · ∇φ 1 . This equation and the continuity equation ∇ ·ṽ i 3 = 0 imply thatṽ i 3 = ∇φ 3 where φ 3 is the solution of the boundary value problem
Function a 3 (θ, τ ) and b 3 (θ, τ ) will be defined later.
The equations forv i 3 can be derived in the same manner as the equations
Thus, we have found that both the second and third order averaged velocities (v i 2 andv i 3 ) in the outer flow are solutions of the Stokes problem with boundary conditions which will be determined later.
Boundary layers
Boundary layer at the inner cylinder. We assume that
Now we use our assumption that u b , v b and p b are nonzero only within a thin boundary layer near the outer cylinder and drop them from Eqs. (3.1)-(3.3). Then we substitute the resulting equations, as well as (3.4) and (3.17), into Eqs. (2.8)-(2.10) and take into account that
. .) satisfy the equations (3.5), (3.6) . After that, we make the change of variables r = 1 + ǫ ξ, expand every function of ǫ ξ in Taylor's series at ǫ = 0 and collect terms of equal powers in ǫ. This yields the following equations:
Explicit expressions for these functions are given in Appendix A (for k = 1, 2, 3).
Boundary layer at the outer cylinder. Let
The same procedure as before produces the following sequence of equations:
We require that in all orders the boundary layer corrections to the outer solution rapidly decay outside boundary layers, i.e. (for each k = 0, 1, . . .)
(3.24)
Boundary conditions
Now we take our expansions of the velocity in the outer flow and in the boundary layers, substitute them into (2.11)-(2.13) and collect terms of equal powers in ǫ. This produces the following boundary conditions:
. . , u b k−1 and are given in Appendix A (for k = 1, 2, 3). Note that boundary conditions for φ 0r at r = 1 and r = R in the boundary value problem (3.7) follow directly from (3.25) and (3.27) with k = 0.
Analysis of the asymptotic equations

Leading order equations
Outer flow. The solution of (3.7) that describes the (leading order) oscillating outer flow is Boundary condition for v a 0 at ξ = 0 follows from (3.26) (with k = 0):
The solution of (4.2) subject to the boundary conditions (4.3) and (3.24) is given by
It follows from (4.4) thatv a 0 = 0. Thus, in the leading order the boundary layer at the inner cylinder is a purely oscillatory Stokes layer. This fact implies that the boundary condition forv i 0 at r = 1 (that is obtained by averaging the condition (3.26)) isv i 0 | r=1 = 0. Similarly, averaging the condition (3.25) yieldsū i 0 | r=1 = 0. Thus, we havē
The normal velocity u a 0 is determined from Eq. (3.20):
Here the constant of integration is chosen so as to guarantee that u a 0 (ξ, θ, τ ) decays as ξ → ∞. u a 0 | ξ=0 gives us the boundary condition for the next approximation of the outer solution. Indeed, according to (3.25) for k = 1, we must have
This equation defines function a 1 (θ, τ ) in (3.10).
Outer cylinder. Consider now Eqs. (3.21)-(3.23) for k = 0. An analysis similar to what we did for the boundary layer at the inner cylinder results in the formula
As before, the radial velocity u b 0 is determined from the incompressibility condition (3.23):
Again, the constant of integration is chosen so as to guarantee the decay of u b 0 as η → ∞. u b 0 | η=0 gives us the boundary condition for the next approximation of the outer solution: Averaged outer flow. Equations (3.9) and boundary conditions (4.5) and (4.11) imply thatv i 0 ≡ 0, i.e there is no steady streaming in the leading order of the expansion. This justifies our earlier assumption aboutv i 0 .
First order equations
Oscillatory outer flow. Since now we know functions a 1 (θ, τ ) and b 1 (θ, τ ) (defined by Eqs. (4.7) and (4.10)), we can solve problem (3.10). The solution is given by 
Averaging in τ and integrating in variable ξ twice, we find that
Here the constants of integration are chosen so as to ensure thatv a 1 → 0 as ξ → ∞. It follows from the definition of averaging that
for any 2π-periodic functions f 1 and f 2 . Employing this property in (4.14), we obtain
Here we used the fact that v a 0 satisfies Eq. (4.2). Substitution of (2.3) and (4.4) in (4.15) yields
The oscillatory partṽ a 1 of v a 1 satisfies the equatioñ
the condition of decay at infinity and the boundary conditioñ 18) which follows from the oscillatory part of (3.26) and from Eq. (4.12). Standard but tedious calculations result iñ
We do not give an explicit formula for f v a 0ξ as we do not use it in what follows 2 . Bothū a 1 andũ a 1 are computed using Eq. (3.20) . We havē
Outer cylinder. Similar analysis, applied to Eqs. (3.21)-(3.23), yields
Re iC γ 
Averaged outer flow.
On averaging boundary conditions (3.27) and (3.28) (for k = 1) and using the fact thatū b 0 = 0 andv b 1 = 0, we find that
Further, averaging boundary conditions (3.25) and (3.26) and using (4.6) and (4.15), we obtain
These, together with (4.24), imply that Eqs. (3.11) should be solved with zero boundary conditions, which, in turn, leads to a conclusion thatv i 1 ≡ 0. This justifies our earlier assumption and means that there is no steady outer flow in the first order of the expansion.
Second order equations
Oscillatory outer flow. To find the oscillatory part of the second-order outer flow we need to solve problem (3.13) for the velocity potential φ 2 . Functions a 2 (θ, τ ) and b 2 (θ, τ ) which appear in (3.13) are determined by boundary conditions (3.25) and (3.27) for k = 2. With the help of Eq. (3.25) with k = 0 and the continuity equations for v a 0 and v i 0 , boundary condition (3.25) for k = 2 can be reduced to u
The oscillatory part of (4.25) gives us a 2 (θ, τ ):
The second term on the right side of (4.26) will be ignored because it makes zero contribution to all quantities which we are interested in. The oscillatory part of (3.27) yields b 2 (θ, τ ):
Substituting (4.21) in (4.26) and (4.23) in (4.27) (and ignoring the second term on the right side of (4.26) as well as the first term in (4.21)), we solve problem (3.13). The solution is given by 
Lengthy, but standard calculations result in the formulā Similarly, it can be shown that
It is convenient to introduce stream functionψ i 2 such thatū i 2 =
Then the Stokes equations (3.14) and the boundary conditions (4.35)-(4.38) take the form
The solution of (4.39) is given bȳ
where 
Outer cylinder. Similarly, it can be shown that Averaged outer flow. The steady part of the third-order outer flow is a solution of (3.16) subject to appropriate boundary conditions. These boundary conditions are obtained by averaging (3.25)-(3.28) for k = 3. Averaging Eqs. (3.25) and (3.27) yields the equationsū i 3 | r=1 = −ū a 2 | ξ=0 and u i 3 | r=R = −ū b 2 | η=0 . Substituting (4.32) and (4.34) into these equations, we obtain
On averaging Eq. (3.26) for k = 3 and using zeroth-and first-order boundary conditions, the boundary condition forv i 3 at r = 1 can be simplified tō
Substituting here Eq. (4.42) and the explicit formulae for
Similarly, by averaging (3.28) and using (4.43), we obtain 
The solution of this boundary value problem is given bȳ
where D k (k = 1, . . . , 4) depend on R only and are given by Eq. (A.26) in Appendix A. Explicit expressions forū i 3 andv i 3 can now be easily obtained from (4.48).
Stokes drift
So far we have discussed the Eulerian velocity. However, the velocity observed in experiments is the velocity of fluid particles, i.e. the Largangian velocity. It is well-known that in oscillatory flows the observed averaged Lagrangian velocity differs from the averaged Eulerian velocity, and the difference between these two is known as the Stokes drift. Below we discuss the effect of the Stokes drift on the averaged Largangian velocity.
The motion of fluid particles is governed by the ordinary differential equation
The velocity field v(x, τ, ǫ) is the solution of the Navier-Stokes equations, which is 2π-periodic in τ and has a nonzero average. We have already computed first three terms in the uniformly valid asymptotic expansion of v(x, τ, ǫ). Now we are interested in constructing an asymptotic expansion of the solution of (4.49) for small ǫ. We introduce the slow time t = ǫ 2 τ , assume that x = x(τ, t, ǫ) and substitute this in (4.49). This gives us the equation
It is shown in Appendix B that the solution of this equation can be presented in the form x(x 0 , τ ) = x(x 0 , τ, t, ǫ) +x(x 0 , t, ǫ) wherex(x 0 , τ, t, ǫ) represents purely oscillatory part of the motion of the fluid particle whose averaged position at t = 0 was x 0 andx(x 0 , t, ǫ), is the solution of the equation
this equation describes slow motion of this particle due to the steady part of the Eulerian velocity field,v(x, ǫ), and the Stokes drift velocity,v s (x, ǫ). If we denote the Lagrangian velocity of fluid particles by superscript L and the Eulerian velocity by superscript E, then our results can be summarized as follows. Our asymptotic expansion for the averaged Eulerian velocity has the form
It is shown in Appendix B that the Lagrangian velocity of fluid particles is given bȳ
where the Stokes drift velocity of the fluid particlesv s 2 is given by Eq. (B.33) in Appendix B. Comparing (4.50) with (4.51), we observe that the Stokes drift eliminates (i)ū a 1 from the first equation (4.50) and (ii) the O(ǫ) term from the second equation (4.50). It also results in the additional O(ǫ 2 ) termv s 2 in the expansion of the azimuthal velocity. Thus, the O(ǫ) steady boundary layer at the inner cylinder disappears when we take account of the Stokes drift. This is a consequence of the fact that the steady Lagrangian velocity rather than the steady Eulerian velocity are invariant to the change of reference frame. More precisely, the steady Eulerian velocity is not invariant in the following sense: it can be shown that in the reference frame fixed in the inner cylinder, there would be no O(ǫ) steady boundary layer at the inner cylinder and an O(ǫ) steady boundary layer would appear near the outer cylinder (which is oscillating in this reference frame). It can be also shown that the steady Lagrangian velocity is the same both in the oscillating reference frame and in the fixed one. We note here that if one uses the method of matched asymptotic expansions, then although it is possible, it is not easy to detect the existence of an O(ǫ) steady boundary layer near the inner or outer cylinders. Fortunately, the presence or absence of the O(ǫ) steady boundary layer do not affect the outer flow: the O(ǫ) steady outer flow is zero in both cases.
Further calculations with the help of the known formulae forv
where F (z) = e −z (3e −z + 8 cos z + 8 sin z),ξ = ξ/ √ 2ν andη = η/ √ 2ν.
Asymptotic expansion for stream function
To rewrite our asymptotic expansion of terms of the averaged stream function, we first observe that
where ψ i k is such that u i k = 1 r ψ i kθ and v i k = −ψ i kr for k = 0, 1, . . . and where ψ a k , ψ b k are defined as
In the last formula, (ψ a 2 ) L and (ψ b 2 ) L are obtained from (4.53) and given by if there were no outer cylinder, the third order Stokes drift correction to the outer flow would be zero too. This can also be shown independently by treating the problem on a steady flow produced by an oscillating cylinder in an unbounded fluid. Thus, the appearance of a nonzero Stokes drift correction to the outer flow is caused by the presence of the outer cylinder.
Discussion
Equation ( 
Domain of applicability. Our asymptotic expansion is formally valid for ǫ ≪ 1 and for ν = O(1).
In practice, we may expect that it will be valid for all ǫ and ν such that the contribution of the O(ǫ 3 ) term to the right side of Eq. (4.54) is smaller than the contribution of the O(ǫ 2 ) term. For each value of R > 1, this requirement corresponds to a domain in the space of parameters ǫ and ν.
It is convenient to rewrite Eq. (4.54) in the form
where Φ 0 =ψ i 2 / sin 2θ and
Consider now the following quantity
which measures the magnitude of the second nonzero term relative to the first term. We expect that our theory will work for all R, ν, ǫ such that κ(R, ν, ǫ) < 1, and the smaller κ is, the better the theory should work. The level curves κ(R, ν, ǫ) = 1 in the (ǫ, ν) plane for several values of R are shown in Fig. 1 . For each R the domain, where we expect that the theory is valid, lies below the corresponding curve. Of course, the 'domains of applicability' shown in Fig. 1 are very approximate. Nevertheless Fig. 1 gives us an idea of where our theory might work. In particular, it shows that for ν ≥ 1 the interval in ǫ within which the theory is applicable is very narrow, but it becomes much wider for smaller values of ν. Figure 1 also shows that the 'domain of applicability' shrinks when we reduce the radius R of the outer cylinder. Our theory is also unapplicable to the case of high Reynolds numbers when the dimensionless viscosity ν is comparable with ǫ. The dashed-line curve in Fig. 1 corresponds to ν/ǫ = 1, and the area below this curve is not covered by the present theory.
Comparison with experiments. Schematic picture of the averaged Lagrangian flow is shown in Fig.  2 . The flow is symmetric relative to the axis of oscillation (the x-axis). There are four stagnation points in the flow (two on the x axis and two on the y axis) and three of them are shown in Fig.  2 . The stagnation points are symmetric relative to the x and y axes and their distance from the origin is denoted by r s in Fig. 2 (note that the thickness of the inner vortex structure is r s − 1). Examples of the streamlines produced by formula (4.54) are shown in Fig. 3 . The streamlines shown in Figures 3a, 3b and 3c (which correspond to ǫ = 0.05, 0.06 and 0.07 for ν = 0.5 and R = 4) are similar and qualitatively consistent with the experimental observations (see, e.g., [6] , [21] ). Figures 3a, 3b and 3c show that the thickness and the intensity of the inner vortex structure increases with ǫ. At some value of ǫ the inner vortex structure becomes dominating (Fig. 3d) . This is inconsistent with the experimental observations and corresponds to the situation where the O(ǫ 3 ) term in (4.54) is larger than (or comparable to) the O(ǫ 2 ) term. Our theory is not valid in this situation.
Typical profiles of the azimuthal velocity are shown in Fig. 4 . Qualitatively the behaviour of the azimuthal velocity is similar to the velocity profiles measured in the experiments by Bertelsen et. al. [6] , but there is no quantitative agreement, because in the experiments ǫ ≈ 0.3, which is outside the area of applicability of our theory.
The averaged flow structure does not change for a wide range of values of R. Figure 5 shows the dependence of the distance of stagnation points from the origin r s on the radius of the outer cylinder R and on ǫ. Qualitatively the behaviour of r s (as a function of R) agrees with experimental observation of Bertelsen et. al. [6] . The structure of the averaged flow changes slightly for smaller values of R (when R is not very different from 1). In this case, the boundary layer at the outer cylinder results in appearance of an additional narrow vortex system near the outer cylinder. Figure  6 shows the streamlines for the Lagrangian velocity for ν = 0.4, ǫ = 0.048 and R = 1.7. One can see a narrow boundary layer at the outer cylinder which is similar to the boundary layer at the inner cylinder but considerably weaker. 
L as a function of r for θ = π/4, ν = 0.5 and R = 4
One cylinder in the fluid that extends to infinity. In the limit R → ∞, the stream function for the Lagrangian velocity reduces toψ
Wang [5] studied the steady flow produced be a fixed circular cylinder placed in an oscillating flow. He applied the method of matched asymptotic expansions and obtained a uniformly valid expansion of the stream function under the same assumptions as in the present paper. His theory however was not directly applicable to the steady streaming flow produced by a cylinder oscillating in the fluid which is at rest at infinity, because his expansion of the Eulerian velocity field is not invariant under the appropriate change of the reference frame. In order to obtain the invariant velocity filed, one should consider the Lagrangian velocity which is different from the Eulerian velocity by the Stokes drift velocity of the fluid particles. This had been understood first by Skavlem and Tjøtta [4] , and Bertelsen et. al. [6] had corrected Wang's theory by taking account of the Stokes drift. However, the averaged stream function for the Eulerian velocity in Wang's theory (given by Eq. (3.36) in [5] and Eq. (25) in [6] ) is incomplete because of the absence of the O(ǫ 3 ) term associated with the averaged outer flow. In order to compute this term, it is necessary to obtain first the second nonzero term in the inner expansion of the averaged stream function and then, following Van Dyke's recipe [22] , match the first two terms of the outer expansion with the first two terms of the inner expansion. This will result in a correct O(ǫ 3 ) outer flow term, which then can be incorporated in the composite formula valid for the whole flow domain. It can be shown that if this is done, then the uniformly valid expansion for the averaged stream function becomes
where G(ξ) = e −ξ (e −ξ + 12 cosξ + 8 sinξ + 4ξ sinξ). Exactly the same formula can be obtained by the Vishik-Lyusternik method. If we now take into account the Stokes drift, we obtain Eq. (5.1).
This proves that (at least) up to O(ǫ 3 ) terms, the averaged stream function for the Lagrangian velocity is the same both in the oscillating (with the cylinder) reference frame and in the fixed (in space) reference frame.
A remark on the results of Duck and Smith [12] . As was mentioned earlier, the expression forψ i 2 obtained here agrees with formula (3.33) in [12] (as well as with equation (3.1) in [11] ). However, the boundary layer parts of the expansions are different. The most essential difference is that in our expansion of the Eulerian velocity there is a nonzero steady boundary layer at the inner cylinder in the first order in ǫ, while it is present only in the second order in [12] . This is a result of the transformation of coordinates employed in [12] . The transformation maps the gap between two eccentric cylinders onto the annulus between two cylinders whose axes coincide and it is a timedependent transformation. In order to obtain our expansion, one needs to do the following: (i) to write down a composite expansion using the formulae for inner and outer expansions obtained in [12] , (ii) to perform the inverse transformation of the coordinates, and (iii) to expand the resulting velocity field in Taylor's series in ǫ. The result will almost certainly coincide with our expansion of the averaged stream function for the Eulerian velocity up to O(ǫ 2 ) terms.
Remarks of the steady streaming theories for high Reynolds numbers.
There are quite a few papers dealing with the steady streaming in an unbounded fluid produced by an oscillating circular cylinder (see [7, 8, 9, 2, 10] ) at high Reynolds numbers such that Re s = O(1) or Re s ≫ 1 (in our notation this means that ν/ǫ 2 = O(1) or ν/ǫ 2 ≪ 1, respectively). In all these papers, coordinate systems oscillating with the cylinder are used, i.e. what is being really solved is the problem about a steady streaming flow produced by the fixed cylinder placed in an unbounded oscillating flow. As the present study shows, the problem with a fixed cylinder is not equivalent to the problem with an oscillating cylinder not only within the boundary layer but also in the outer flow. In fact, the situation is even more difficult, because for ν/ǫ 2 = O(1) (and even more so for ν/ǫ 2 ≪ 1) it is unclear how to solve the problem in the frame of reference fixed in space. In the present study, we employed the standard trick: using the fact that the amplitude of oscillations was small we expanded the solution in Taylor's series about the averaged position of the oscillating cylinder and thus transferred the no-slip boundary conditions at the moving surface of the oscillating cylinder to the fixed surface of the cylinder at its averaged position. This allowed us to formulate our asymptotic expansion in terms of a sequence of boundary value problems with fixed boundaries. The thickness of the boundary layer on the inner cylinder that appeared in our expansion is O(ǫ), which is much larger than the O(ǫ 2 ) displacement of the inner cylinder from its averaged position, and this is what justifies the transfer of boundary conditions from the moving boundary to the fixed one. If however we considered the case of ν = ǫ 2 (Re s = 1), the thickness of the Stokes layer would be O(ǫ 2 ), i.e. of the same order as the displacement of the cylinder, and therefore it would be impossible to justify the transfer of boundary conditions. Even if we worked in the frame of reference fixed with the oscillating cylinder, we would encounter the problem of calculating the Stokes drift velocity in the boundary layer because of non-analytic dependence of the boundary layer velocity on ǫ.
In [11] and [12] , the same problem as in the present paper, i.e. the steady flow between two cylinders produced by small-amplitude oscillations of the inner cylinder, had been studied in the case of Re s = O(1) (and Re s ≫ 1). Haddon and Riley [11] had realised the impossibility of the transfer of the boundary conditions from the moving surface to a fixed one in this flow regime and addressed the problem by employing two different coordinate systems for boundary layers on the inner and outer cylinders. In the end, however, they had applied the transfer of the boundary conditions at the inner cylinder for the steady outer flow, and it is unclear whether this can be justified. In [12] , a conformal mapping that maps the gap between two eccentric cylinders onto the annulus between two cylinders with a common axis was employed. The subsequent analysis had been done using the transformed coordinates. Neither the inverse transformation to physical coordinates, nor the Stokes drift had been computed, and as the above discussion indicates, these are the questions where potential problems may arise. Thus, in spite of a considerable progress in this area and a good agreement with experimental results achieved by the theory (see, e.g., [12] ), there are still certain unanswered questions concerning the steady streaming at high Reynolds numbers. 
Functions Q b k and S b k in Eqs. (3.25) and (3.26) are given by
Explicit formulae for constants C 1 , C 2 , C 3 and C 4 in Eq. (4.40) are 
Appendix B. Calculation of the averaged Lagrangian velocity
In polar coordinates, Eq. (4.49) is equivalent to
We already know that
We seek the solution of (B.1) and (B.2) in the form
On substituting (B.3)-(B.5) in (B.1) and (B.2) and collecting terms of equal powers in ǫ, we obtain the following sequence of equations:
and
for n = 2, 3, . . . Functions U n and V n are obtained by substitution of (B.3)-(B.5) in the right sides of Eqs. (B.1) and (B.2) and subsequent Taylor's expansion of all terms. There is a subtle technical trick here. Functions which depend on boundary layer variables ξ = (r − 1)/ǫ and η = (R − r)/ǫ are not analytic at ǫ = 0. Therefore, for these functions we use Taylor's expansions at r = r 0 + ǫr 1 rather than at r = r 0 + ǫr 1 . For example, depending on whether the quantity being evaluated is a function of ξ or η. The explicit formulae for U n and V n are It follows from Eqs. (B.6) and (B.7) that r 0 , θ 0 , r 1 and θ 1 do not depend on fast time τ , i.e. r 0 = r 0 (t), θ 0 = θ 0 (t), r 1 = r 1 (t) and θ 1 = θ 1 (t). Equations (B.10) and the fact thatū i 0 = 0, 26 v i 0 = 0,v a 0 = 0,v b 0 = 0 imply thatŪ 0 = 0 andV 0 = 0. Then, averaging Eqs. (B.8) and (B.9) (for n = 2), we find that r 0t = 0 and r 0 θ 0t = 0. Therefore, r 0 = const and θ 0 = const, and we use r 0 and θ 0 to identify fluid particles: (r(r 0 , θ 0 , t, τ ), θ(r 0 , θ 0 , t, τ )) represents the trajectory of a fluid particle whose averaged (in τ ) position at t = 0 was (r 0 , θ 0 ). From Eq. (B.11), we deduce thatŪ 1 = 0. Averaging Eq. (B.8) for n = 3, we find that r 1t = 0, so that r 1 = const. We choose r 1 = 0. Note that this implies that (·) | * = (·) | 0 in Eqs. (B.12)-(B.14) . Averaging Eq. (B.9) for n = 3 yields r 0 θ 1t = v 
